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1. Introduction

An important question in plamning the observing system for the GARP
Gldbal Experiﬁent is the horizontalfresolution required for satellite-~
derived temperatures. Accuracy and resolution requirements for temperature -
measurements have been cleafly established as * 1 deg C and 500 km (GARP
Publicatioﬁ’ll), It seems uniikely at this time that the satellite derived

temperatures will be this accurate, and suggestions have been made that the

failure to achieve 1 deg C accuracy can be compensated for by increasing the

yield of satellite-derived temperatures. The purpose of this note is to

" point out that our ability to do this may be severelyﬁlimitedjby spatial

correlations in the errors of the temperature retrievals.

In order to examine the effect of spatial error correlations on the use-
fulness of observational data, we have carried out a simple numerical
experiment, similar iﬁ design to one by Alaka and Elvander (1972a, 1972b).
The significant departures from their experiment are that calculations are
for temperatures rather than winds, that the analysis is considered to be in
terms of deviations from a forecast rather than from some climatological
state and, most impqrtant, that the errors in observationsvere not assumed
to be randomly distributed in space.. Systematic errors in the satellite
temperature soundings may be'expected to arise from the use of a numerical

forecast as a first guess for the temperature retrieval (McMillin et al, 1973)

~and/or from the effects of large-scale cloud patterns on the radiance measure-

ments.



2. The Experiment .

Figure 1 shows the basic design of the experiment. Twelve observations are
arrayed in a rectangular grid of horizontal spacing h. Suppose an interpolated
value of the meteorological variable is desired at the central point X. (This
point might be a grid'point for a numerical prediction model, for instance.)

The statisticaily most reliable way of doing this is by optimum interpolation;
an app%ication of linear regression theory to spatial interpolation of data.
~ Suppose temperature 1is the variable being analyzed. Following Gandin

(1963), let

T=%+¢, W

~ . Ny

where T is the observed value of the temperature at a given location, T is some
"guess" value--provided by a forecast or climatology——of the temperature at the
location, and t is the deviation of the observed temperature from the guess
value. This may be re-expressed as
- =¥+ (t+e, (2)
~ where t is the "true">temperature deviation at the location and & is the
observational error.

Theﬁnthe "analyzed" value'%a'of the temperature field at an arbitrary

location is given by a weighted linear combination of the dev1at10na1 temperatures

of the nelghborlng observations:

Ne~13

T, ¥+§ e, =T, +
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where T, is the guess value at the analysis 10cation,.the"ci are the weights to

~
be assigned to the deviational temperature observations t;, and n is the number
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of observations used in the analysis. In the example of Figure 1, n is 12

if all of the observations are uséd in the analysis for the central point..
In general, the right-hand side of (3) will not give the true value T,

of the temperature at the analysis point, %a will differ from T, by an amount

called the analysis error E. It is generally not possible to eliminate this

source of error exactly, no matter how the weights ¢4y are chosen, but we can

require that the statistical mean-square error of equation (3),

E2 = (T, - %3)2 = [T, - %a - ci(tg + 4)12, (4)

|ﬁv15

i=1

be a minimum for a large ensemble of interpolations and use this requirement

to determine the weights. The result is a set of linear equations,

n
.:, . jZl(ti + ei) (tj + €j)cj = ta(ti + Ei) s i=1’2’...n (5)
whgre ty =T, - T,s

which may be solved for the weights c; provided the statistical covariances

of (5) are known or approximated.
For radiosonde temperatures, whose errors may safely be assumed to be

random and mutually independent, the set of equations (5) simplifiés to

i=1,2,...n (6)

n
A —
Z titics + 652 ¢; = t,t5,

2 is simply the error variance of the ith ohgervation. This is

Here €4
essentially the expression used for determining the weights in Alaka and

Elvander's numerical experiment.
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For satellite-derived temperatures  with spatially correlated errors,

€4€4 does not vanish when i # j} therefore the set of equations (5) becomes -

in this case

n
' Z (t;t, + e.e.)es = t t: , i=1,2,...n (N

Equation (7) is strictly correct only if the observational errors of the
measurement system are not correlated with the true valueS'of:temperature.
In an unpﬁblished study, we have shown that such correlations do exist fqr
satellite—derived temperatures——as they will for ény conservative observing

system which tends to underestimate extremes; however the variances

(tiej, etc.) are probably small compared to €4€4.
It is convenient for computatibnal purposes to normalize equations (7)

by dividing by the deviational variance E;Z. Equations (7) then take the

form
n .
_jzl(uij + pij GSi Uej)cj = ]J.ai, i=l,2_,...n, (8)
where
t:t-
1] ,
t 2
is the spatial correlation of the ith and jth temperature deviations,
€3€4
i
CF 2= Lo (9b)
(.2 c,2) 2
i ]
is the spatial correlation of the observational errors, and
———— 1
= 2 2172
o; = (e42/t4%)7 (9¢)

is thesmormalized standard deviation of observational error. It should be

." noted that the normalizing factor ta2 is just the error variance of the
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"guess" temperature at the anélyéis point, and that the ﬁij are in fact the
spatial correlations of the error in the guess temperatufe field.

In the numerical experiment based on .Figure 1, the iﬁitial guess is assumed
to be provided by a 12-hour forecast. Spatial corrélations of forecast errors
have not been determined fof the NMC prediction models; however, such corre-.
lations have been published by Bengtsson and Gustavsson (1971) for 6—, 12—,
and 24-hr forecasts of the 500 mb geopotential height using a quasi-geostrophic
model. Their spatialbcorrelations are approximatély independent of location
or directional orlentatlon, that is, they are approx1mately ‘homogeneous and
isotropic in character. Thus, the forecast error correlation is a functlon
only of separation distancaé'betwéen the ith and jth points. Bengtsson and .
Gustavsson's experimentally determined curve for 12-hour forecast error
correlations as a function of s is displayed in Figure 2. This curve is well
approximated by the analytic function

ﬁij(s) = e-kﬁsz- ‘ (10)

where kp = 1.56 x 107%km™2, We will assume that (10) with the same value of

kii applies to the spatial correlation of temperature forecast errors as well,

A reliable‘determination of the spatial éorrelation of satellite errors.’
has’not yet been made.. Preliminary calculations based upon compérisons between
temperature cross—sections constructed from radiosonde and from regression-
derived soundings show spatial correlations of témperature differences that
are compafable to correlations in Figure 2 but that fall off somewhat more

quickly with increasing separation distance. With this in mind, we decided to
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"model" Py with the functional form

: . ~kps?

Pijj =e P | : (11)
éssigning two differént values to kp: kp = ku, kp = 4 kﬁ‘ The latter value
gives é spatial correlation curve (11) which agrees more closely with the
radiosonde T satellite temferaturevcomparisons, decreasing from 1 to 0.37 (1/e)
‘in about 400 km (compare with Figure 2). Aithird series of calculations was -
made with k, =?§g(pij = 0 when i # j) to compare results from the first two
experiments with those for'uncOrrelated data.
| Once the weights cq arévdetermined, the mean square analysis error is
given by |

n -
E2 L Vai cql- | (12)

i
t
V]
SN
—
=
1

Thus, the mean square analysis error is a fraction of the error variance of
the 12-hr forecast. Although the observational error variance and the spatial
correlations do not appear explicitly in this expression, their influence
enters through the weights cy determined'by solviﬁg equations (8).

The effect of observational demsity on the reéulting analysis error was
simuiated by varying the obserVatidnal»spacing h in Figure 1 froﬁ 100 to 1600 km.
One mighf argue that, when h is small, additional observations 5eyond the 12
shown in Figure 1 should be included in order to correctly simulate increasing
density. However, a trial run with h = 100 km and 20 additional observations
éxtending the grid of Figure 1 resulted in very little difference in the
analysis error, as the outer observations received virtually no weight in the
analysis., Besides, any practical real-time analysis method must limit predictors
to a relafively small>number which is less than 12 in existing optimum interpo-

lation analysis schemes. ' )
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For the. limit h = 0 (all observations coincide), the mean square analysis
error may be expressed as an explicit function of p and ot
021 + (n-1)p]

E? = t,°2 - (13)
n + 082[1 + (n~-1)p]

Here p denotes the mean value of the inter-observational error correlatiom,
and it is assumed that all observations are of the same type, hence
6., =0_.. = 0_. When E-=A0, (13) reduces to .
T o’ s
(B2/t2%), 0 50 = Fraa | (142)
an error expression appropriate to radiosonde data.
On the other hand, if observational errors are spatially correlated
amwﬁmtoﬂD,mmE+lash+de

0.2

E2/e?), - = ——s 14b
(/a)h=0,p_-=l 1+0? (240)

the form appropriate for satellite observations. It is evident that the -
former decreases without limit as n becomes larger, whereas the latter reaches

a limiting value which does not depend on the number of observations.

3. Resuits

The set of equations (8) with n = 12 was solved numeriéally for the weights
c; using the iterative method of conjugate gradients.(Beckman, 1960). It was
assumed that all 12 observations are of the same type and hence have the same

statistical error level. The solutions were obtained for normalized

© observational errors Oc of 0, 0.25, 0.50, and 1.00. (The normalized observational

error is the ratio of the standard deviation of the observational error to that

of the forecast error.) The correlation coefficients uij and pij were determined
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ffom the geometry df figure 1 and from (10) and (11). 1In (10), ku was assigned
thé value 1;56 # ioskmfz. In (1D, kp was assigned the values.ku, 4 kﬁ, and o,
- The observationa1~spacingvh varied from 100 to 1600 km. ’

‘,Onée»the ﬁeights cq were obtained for a particular set of conditions, the

normalized analysis éfror
0p = (E2/27)*

Waé obtained froﬁb(12). Thélfesults for 9, as a function éffh'are plotted in
Figure 3 for Oc = .25,’Figure 4 for O, = .50, and Figure 5 for o, = 1.00. The
limiting values of o, for h = 0 were obtained from (lﬁa;b). In each of the
’figures, the dotted curve for o, = 0 (perfect obsérvations) is shown for
comparison. The other three curves are for the three values of kp that arg
assumed,v‘Thg solid curve for kp = « is appropriate for conventional da;a with
random; independent errors, whereas the dashed cufves apply to data with
spatialiy correlated errors such as is’ assumed for satellite data.

The dotted curve indicates that portion of tﬁ; analysis error which results
from spatial interpolation of‘the observations to the analysis point; it is
seen to be of negiigible importance when h is leés thaﬁ about 400 km. For
~closely spaced observétions, then, néarly all of the analysis error is a
result of the observational errors. For widely spaced observations, on the
’other hand, the analysis error is primarily a result of the spatial interpolafion.

The figures clearly indicate that the analysis error is less for independent
observatioﬁs (k52= @) than for observations with spatially cbrrelatéd errors.
Of these, the cése with the higher degree of correlation (kp'= kﬁ) has the

larger analysis error. For both correlated cases, however, the analysis error



is almost constant for all values of h less than 500 km. (The increase in
0,588 h approaches zero, to the value given by (14b) in the kp = 4 ku Ease is

a consequence of assuming perfect correlation of observational errors in the

limit h = 0.) These results suggest that there is little informatioﬁ to be

gained from having satellite observations spaced closer than about 500 km.

This spacing corresponds témﬁfvalue of the field correlation:u?of about 0.5

its maximum value (Figureyza}”:
In Figures 6, 7, and 8, the normalizéd analysis error o, is shown as a
fun;tion of bothtthe normalized observational error o, and the observétional
"spacing h for kp = oo, 4‘kﬁ aﬁd ku respectively.b Where the isopleths of Gé
’ : Aére approximately veftical, the analysis error is primarily dependent on the
‘ spacing of observations. Whéfe the isopleths are approximatéijr horizontal,
aﬁalysis error is a fuhction,of the errors in/observation and cannot be

reduced by increasing the density of observations. _The figures show clearly

that, for both cases with spatially correlated errors, there is no increase

in anélzsis accuracy associated with an increase in qbserVation density to a
spacing that is less than:about 500 km. For values of h less than 200 km
(Figureb6) or 300 km (Figure,?), analysis errors are at least twice as large
as fhe corresponding errors for the uncorrelated case.

The weights c; obtained by solﬁing (8 arejof secondary interest here. In
a réai'analysis sitﬁation, the aﬁalyied valué iS‘given by (3)’once the Weights
have been determined. In ﬁhis experiment, the observed values Ei have been
left unspecified. Because of the symmetry of the observational array (Figure l),’

. the four inner observations all receive the same weight, as do the eight outer
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ones. Generally, the inner observations receive the bulk of the weight, the
outer ones comparatively little. When the observational error level:o_ is
high or when h is large, the weights c; tend to decrease in magnitude,

ny
effectively giving greater importance to the guess value T, in the final

analysis.

4, Summary and Conciusions

A‘simple numerical experiment has been performed which extends the study
of Alaka and Elvander (1972a, 1972b) to include the effects of spétiallj
correlated errors. Results indicate that this spatial error correlation
reduces the information content of-Pbintpobservations compared to that for
data with random errors. They suggest that increasing the density of
observations beyond a certain threshold (a spacing of about 500 km in the
“experiment) Willfyield little or no improvement in analysﬁé produced from
satellite soundings. This statement assumes that the sounding errors are
spatially correlated on a scale that approaches the;§§§i§f0f the baroclinic
waves. Althdugh the assumption appears reasoﬁable and has been used in.
simulégion studies (Baumhefner and Julian, 1972), such correlations have not
yet been measured. The problem is made difficult by the fact that operational
satellite soundings are produced only over the oceans where it is impossible
to define a "true" température of height field from radiqsonde data.

It shouldbe“émﬁhasiged that our conclusions apply only to the case of direct
analysis of temperature or height data. Errors in the analysis of gradiént
quantities, such as thermal wind fields from satellite temperatures, are likely

‘to be lower for .spatially correlated than for random observational errors.
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Captions for Figures

Fig. 1 = Array of 12 observations for the numerical analysis experiment.
Small circles are observation locations and h is the spacing
between them. The analysis point is indicated by X. (Same as

Figure 1, Alaka and Elvander, 1972b.)

Fig.'2 Spatial correlation df 12-hour forecast errors of 500 mb geo-
potential height as a function of separation distance s. (After

Bengtsson and Gustavsson, 1971.)

(

Fig. 3 Normalized standard deviation of analysis error o, as a function
of'obsérvational spacing h for o, = 0 and for three cases where
_ cé = .25,. The curve kp = o« gpplies to uncorrelated observational

‘errors. -

Fig. &4 Same as Fig. 3, but for o, = 0 and .50.
‘Fig. 5 Same as Fig. 3, but for o, = 0 and 1.00.
Fig. 6  Contours of normalized standard deviation of analysis error o, as

a function of normalized standard deviation of observational error

ceband observational spacing h for the case kp = o,

4 ku.

Fig. 7 Same as Fig. 6, but for the case kp

Fig. 8 Same as Fig. 6, but for the case kp

L
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Figure 1 Array of 12 observations for the numerical analysis experiment. - - ,:';

: Small circles are observation locations and h is the spacing = ‘ L
©  between them. The analysis point is indicated by X. (Same T
R ‘as Figure 1, Alaka and Elvander, 1972b.) : N R R
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Figure 2 Spatial correlation of 12-hour forecast errors of 500 mb geo-}

potential height as a function of separation distance s.

(After Bengtsson and Gustavsson, 1971 )
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Flgure 3 Normallzed standard deviation of analysis error o, as a
function of observational spacing h for o =0 and for

‘€; £ - three cases where og = .25. Fhe curve ky = @ applies
Do to uncorrelated observational errors.
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Figure 6 ~Contoursiof normalized standard déviation of analysis error

Oy as a function of hormalized standard deviation of
observational error o

. and-observﬁtional spacing h for the
case kp = oo, _ L ' '
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